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Abstract
Translation distance and fibered 3-manifolds
by
Alexander Stas

Adviser: Professor Abhijit Champanerkar

A 3-manifold is said to be fibered if it is homeomorphic to a surface bundle over the circle.
For a cusped, hyperbolic, fibered 3-manifold M , we study an invariant of the mapping class of
a surface homeomorphism called the translation distance in the arc complex and its relation
with essential surfaces in M . We prove that the translation distance of the monodromy
of M can be bounded above by the Euler characteristic of an essential surface. For onecusped, hyperbolic, fibered 3-manifolds, the monodromy can also be bounded above by a
linear function of the genus of an essential surface.
We give two applications of our theorems. We show that if the translation distance of the
monodromy of a one-cusped, hyperbolic, fibered 3-manifold is greater than three, then every
Dehn filling of the manifold is irreducible. Next we investigate Schleimer’s Conjecture, which
states that there exists a uniform bound on translation distance of the monodromy of fibered
knots. We prove that infinitely many fibered Montesinos knots satisfy Schleimer’s Conjecture. Lastly we prove a version of Schleimer’s Conjecture for certain closed, fibered braids;
we show that homogeneous braids satisfying a mild hypothesis have uniformly bounded
translation distance in the curve complex.
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Chapter 1
Overview
A 3-manifold M is said to be fibered if it is homeomorphic to a surface bundle over the circle
for a compact, orientable surface F
M∼
= (F × [0, 1])/(x, 0) ∼ (ϕ(x), 1),

where ϕ : F → F is a surface homeomorphism known as the monodromy of the fibration.
In work started by Nielsen [25] and completed by Thurston [35] it was proved that surface homeomorphisms come in exactly three types: periodic, reducible, and pseudo-Anosov
homeomorphisms. In this dissertation we will mainly be concerned with pseudo-Anosov
homeomorphisms, i.e. surface homeomorphisms which preserve a pair of transverse measured singular foliations.
Thurston proved that a fibered 3-manifold admits a complete hyperbolic metric of finite
volume if and only if the monodromy of the fibration is pseudo-Anosov [36]. This result
demonstrated a fundamental connection between the geometry of a fibered 3-manifold Mϕ
and the dynamics of the monodromy ϕ underlying the fibration, and opened an interesting
research area of studying the relationship between the topology and geometry of Mϕ and
1
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the group-theoretic properties of the homeomorphism ϕ.
In recent decades the main tools used to study the properties of surface homeomorphisms
have been the curve complex, the arc complex, and the arc-and-curve complex [16], [22], [21],
[30]. These complexes have 1-skeleta which are infinite diameter and infinite valence metric
graphs However, surface homeomorphisms act on these spaces as isometries, so it makes
sense to study the translation distance of the action of a surface homeomorphism on these
complexes.
Essential surfaces in 3-manifolds are an important tool to study the topology and geometry of 3-manifolds [3], [6], [13], [23]. Bachmann and Schleimer [3] proved that for
fibered, closed 3-manifolds the translation distance of the monodromy in the curve complex
is bounded from above by the Euler characteristic of an incompressible, non-fiber surface.
In Chapter 3 we generalize this result to cusped, hyperbolic, fibered 3-manifolds and show
that the translation distance of the monodromy is bounded by the Euler characteristic of an
essential surface. The motivation for this work comes from attempts to prove Schleimer’s
Conjecture, which states that for fibered knots in S 3 , the translation distance of the monodromy in the arc complex is bounded by two.
The results of Chapter 3 have several applications. Firstly we show that the minimal
complexity surface embedded in a mapping torus associated to a power of a homeomorphism
has complexity bounded below by a linear function of that power. Using this result and the
fact that there are infinitely many genus two knots [14], we show that if there exists a sequence
of fibered hyperbolic knots of genus two which are arbitrarily large iterates, then Schleimer’s
Conjecture cannot hold. Intuitively this means that the exponents of the monodromies for
fibered knots in S 3 should be uniformly bounded.
In Chapter 4 we expand on the results of Chapter 3 in the situation where the fibered
hyperbolic 3-manifold has only one cusp. In this case we show that the translation distance of the monodromy in the arc complex is bounded from above by a linear function
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of the genus of an essential surface. Thus in the cases where the 3-manifold contains an
essential planar surface, we obtain a uniform bound of 3 on the translation distance. An
interesting application of this theorem is that if a one-cusped, hyperbolic, fibered 3-manifold
has translation distance larger than 3, then every non-trivial Dehn-filling results in an irreducible 3-manifold. This proves the well-known Cabling Conjecture for fibered knots with
high translation distance monodromies.
In Chapter 5 we change our perspective to the study of closed homogeneous braids. We
start by reproving a well-known result of Stallings which proves that all homogeneous braids
are fibered, but in doing so we keep track of the monodromy homeomorphism explicitly.
Using this construction we verify a version of Schleimer’s Conjecture for closed homogeneous
braids satisfying a mild hypothesis; namely, that they have uniformly bounded translation
distance in the curve complex.

Chapter 2
Background
2.1

Hyperbolic knots

In his seminal work on 3-manifolds, Thurston revolutionized low-dimensional topology using
hyperbolic geometry and showed the ubiquity of hyperbolic 3-manifolds. In this section we
give some basic definitions arising in the study of hyperbolic 3-manifolds. There are several
equivalent definitions of hyperbolic 3-manifolds and, depending on how one approaches these
objects, one definition could be more useful than the other. Throughout, we will consider
only orientable 3-manifolds.
Definition 2.1.1. Hyperbolic 3-space H3 is the collection of points {(x, y, z) | z > 0}
together with the metric given by

ds2 =

dx2 + dy 2 + dz 2
.
z2

We call this model of hyperbolic 3-space the upper half-space model. The orientation
preserving isometry group of H3 is the matrix group PSL(2, C) which acts on the sphere at
infinity C∪{∞} as Möbius transformations. Conversely, any Möbius transformation extends
4
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Figure 2.1: Each face is glued to the opposite face via a 3/10-twist about the axis passing
through them. The result is the Seifert-Weber dodecahedral space. [38]
to an isometry of H3 .
Definition 2.1.2. A hyperbolic 3-manifold is a 3-manifold equipped with a complete
Riemannian metric of constant sectional curvature −1. We say that a compact 3-manifold
M is hyperbolic if the interior of M is a hyperbolic 3-manifold.
Equivalently, we may define a hyperbolic 3-manifold in terms of group actions.
Definition 2.1.3. A hyperbolic 3-manifold is the quotient of hyperbolic 3-space H3 by a
discrete torsion-free subgroup of isometries. In particular, M = H3 /Γ where π1 (M ) ∼
=Γ⊂
PSL(2, C).
Example 2.1.4. One of the first examples of a closed hyperbolic 3-manifold was the SeifertWeber space which is formed by gluing opposite faces of a dodecahdron via a 3/10-twist
about the axis through the center of the faces. After gluing all faces together, the result is
a closed 3-manifold with 5-valent edges, i.e. the dihedral angle measure between each of the
pentagonal faces is

2π
.
5

In Euclidean space such a structure does not exist, but in hyperbolic
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Figure 2.2: Gluing the two tetrahedra above and removing the vertices gives a cusped
hyperbolic 3-manifold M where vol(M) ≈ 2.02988. [1]
space there does exist a regular dodecahedron with dihedral angles of

2π
5

which tessellates

H3 . See Figure 2.1
We will only consider hyperbolic 3-manifolds of finite volume. It follows from the structure of finite volume hyperbolic 3-manifolds [5] that all complete, finite volume hyperbolic
3-manifolds are either
(i) closed 3-manifolds, i.e. 3-manifolds with empty boundary, or
(ii) non-compact 3-manifolds with toroidal cusps.
Definition 2.1.5. A cusp C of a hyperbolic 3-manifold M is a region of M topologically
equivalent to T 2 × [0, ∞) with an inherited metric given by

ds2 = e−2t (dx2 + dy 2 ) + dt2

where dx2 + dy 2 is the Euclidean metric on T 2 .
The standard way of obtaining non-compact 3-manifolds with cusps is by gluing ideal
polyhedra together along their faces where an ideal polyhedron is a polyhedron with all
vertices removed.
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Example 2.1.6. One way to obtain a cusped hyperbolic 3-manifold is to take two regular
ideal tetrahedra in H3 and glue them via the face pairings determined by Figure 2.2.
Note that if M contains one or more cusps Ci , then M retracts onto a compact 3-manifold
M whose boundary is a collection of tori corresponding to Ti2 × {0}.
The following theorem which was proven by Mostow [24] in the closed case and Prasad
[26] in the general case shows a fundamental connection between the topology and geometry
of hyperbolic 3-manifolds.
Theorem 2.1.7 (Mostow-Prasad Rigidity). Let M and N be two complete finite volume
hyperbolic n-manifolds with n ≥ 3. If f : M → N is a homotopy equivalence, then f is
homotopic to an isometry.
Corollary 2.1.8. Let M and N be two complete finite volume hyperbolic n-manifolds with
n ≥ 3. If π1 (M ) and π1 (N ) are isomorphic groups, then M and N are isometric.
Since the universal cover of M is Hn which is contractible, M is a K(π, 1) space. Hence we
can interpret Theorem 2.1.7 to mean that if a 3-manifold admits a complete finite volume
hyperbolic metric, then this metric is unique. Therefore any geometric invariant will give a
topological invariant. This has led to many invariants for studying 3-manifolds [9].
A good source of examples of hyperbolic 3-manifolds are knot and link complements in
the 3–sphere.
Definition 2.1.9. A knot is an embedding of S 1 into S 3 and a link is an embedding of a
disjoint union of copies of S 1 into S 3 . We will identify a knot with its image. We form the
knot (or link) complement S 3 \ν(K) where ν(K) is an open regular neighborhood of K.
We will assume all our knots and links are smooth or PL. Classically, knots and links were
studied in S 3 , but many of the techniques and results generalize to knots and links embedded
in other ambient 3-manifolds. Regardless of the underlying 3-manifold M , we consider two
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Figure 2.3: Reidemeister showed that any two diagrams of a knot K are related via the
above moves. Picture taken from [15].
knots K1 and K2 (or links) to be equivalent if there is an ambient isotopy F : M ×[0, 1] → M
taking K1 to K2 . When one considers the case of links in S 3 , Reidemeister [28] proved that
two knots are equivalent if and only if they are related by a sequence of planar moves now
referred to as Reidemeister moves. See Figure 2.3.
One nice class of knots is the torus knots; named for the fact that they can be embedded
as a simple closed curve on a torus. Another, slightly more complex class of knots is the
satellite knots. To form a satellite knot, we start with any non-trivial knot K embedded in
a solid torus V where non-trivial means that K does not live inside a 3-ball in V , and K is
not the trivial knot, i.e. K is not ambient isotopic to the core circle of V . If we have a knot
K 0 ⊂ S 3 we can then take an embedding f : V → S 3 where the core curve of V is sent to
K 0 . The image of K under the map f is a satellite knot. See Figure 2.4 for an example of a
satellite knot and a torus knot.
The revolutionary idea of Thurston was to study the hyperbolic geometry of the knot
complement.
Definition 2.1.10. A link is called a hyperbolic link if the interior of its complement
admits a complete hyperbolic metric of finite volume.
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Figure 2.4: A torus knot [29] (left) and a satellite knot [19] (right).
Example 2.1.11. The hyperbolic 3-manifold in Example 2.1.6 is isometric to the interior
of complement of the figure-8 knot with vol(S 3 \41 ) = 2vtet where vtet ≈ 1.0149 is the volume
of the regular ideal tetrahedron.
One of the main tools for proving that a 3-manifold is hyperbolic is the following theorem
of Thurston.
Theorem 2.1.12 (Thurston Hyperbolization Theorem). Let M be a compact 3-manifold
with boundary a union of one or more tori. Then M is hyperbolic if and only if M is
irreducible, boundary irreducible, anannular, and atoroidal.
In the case of knot complements, Theorem 2.1.12 can be used to classify knots into 3 different
categories depending on what kinds of surfaces exist in its complement.
Theorem 2.1.13 (Thurston). Let K be a knot embedded in S 3 . Then either
1. K is a torus knot,
2. K is a satellite knot, or
3. K is hyperbolic.

CHAPTER 2. BACKGROUND

10

In the case of alternating links, Menasco gave simple diagrammatic criteria for hyperbolicity.
Theorem 2.1.14 (Menasco [23]). Let L be a prime, non-split, alternating link. If L is not
a 2-strand torus link, then L is hyperbolic.

2.2

Fibered knots and links

One of the main objects of study in this dissertation is fibered 3-manifolds, and in particular
fibered links. In this section we define terms related to fibered links.
Definition 2.2.1. The mapping class group Mod(F ) of a closed surface F is

Mod(F ) = Homeo+ (F )/Homeo0 (F )
where Homeo+ (F ) is the group of orientation-preserving homeomorphisms and Homeo0 (F )
is the subgroup corresponding to the connected component of the identity map. If the surface
F has boundary, then we define

Mod(F ) := Homeo+ (F, ∂F )/Homeo0 (F, ∂F )
where Homeo+ (F, ∂F ) is the group of orientation-preserving homeomorphisms which restrict
to the identity on ∂F and Homeo0 (F, ∂F ) is the subgroup corresponding to the connected
component of the identity map. If the surface in question has punctures, we allow the homeomorphism to exchange the punctures. We call an element of the mapping class group a
mapping class.
Example 2.2.2. The mapping class group of the torus with one boundary component is
SL2 (Z).
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Figure 2.5: On the left is a 3-pronged singularity of a foliation and on the right is a 4-pronged
singularity. [8].
Given a surface F and a homeomorphism ϕ of the surface, one can decompose F into a
collection of 1-dimensional submanifolds and study how this collection changes under ϕ.
Definition 2.2.3. We say a surface F has a foliation F if for each point x ∈ F there is a
chart (ψ, U ) such that ψ : U → R × R and such that every transition map takes lines p × R
to q × R. The equivalence classes of points on F corresponding to p × R are called leaves of
the foliation. We say F has a singular foliation F if away from finitely many singular
points F is a foliation and at the singular points F appears as a n-pronged singularity for
n ≥ 3. See Figure 2.5. In the case where F has boundary, a foliation can appear as any of
the possibilities in Figure 2.6.
Since a foliation decomposes the surface F into a collection of (locally) parallel lines, we
get a natural product structure on F and notion of transversality.
Definition 2.2.4. A transverse measured foliation is a singular foliation F together
with a measure µ such that µ is invariant under translation along leaves of the foliation and
µ(α) = 0 for any arc α contained in a leaf.
Definition 2.2.5. A surface homeomorphism ϕ : F → F is pseudo-Anosov if there exists
a number λ > 1 such that ϕ preserves a pair of transverse measured foliations (F s , µs ) and
(F u , µu ) and such that their measures are multiplied by 1/λ and λ, respectively.
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Figure 2.6: The possibilities for how a boundary singularity may appear in a surface foliation
[8].
Building on work of Nielsen [25], Thurston [35] classified the elements of the mapping
class group by studying their dynamics. Namely he showed:
Theorem 2.2.6 (Nielsen, Thurston). Let f : F → F be a homeomorphism of a compact,
connected surface. Then there exists a map g : F → F isotopic to f such that
1. g is periodic, i.e. some power of g is the identity map on F ,
2. g is reducible, i.e. g fixes some disjoint collection of curves on F , or
3. g is pseudo-Anosov.
Remark 2.2.7. Because every surface homeomorphism is isotopic to a homeomorphism with
one of the three properties listed above, we will assume that the homeomorphisms we study
already have the respective property.
Given a homeomorphism ϕ of a surface, there is a natural way to construct a 3-manifold
whose properties are deeply related to both the homeomorphism ϕ and the surface.
Definition 2.2.8. Let ϕ : F → F be a homeomorphism of a compact, connected surface
which fixes the boundary pointwise. We define the mapping torus Mϕ to be the following
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3-manifold:
Mϕ := F × [0, 1]/(x, 0) ∼ (ϕ(x), 1).
We call ϕ the monodromy of the fibration. Let [ϕ] denote the equivalence class of ϕ in the
mapping class group. Any other representative ψ ∈ [ϕ] will result in a mapping torus Mψ
homeomorphic to Mϕ .
Definition 2.2.9. We say that a 3-manifold M is fibered if M can be realized as a mapping
torus.
Since each boundary component of F is homeomorphic to S 1 , we see that the mapping
torus Mϕ will have boundary homeomorphic to a disjoint union of tori.
Definition 2.2.10. A Seifert surface for a link L ⊂ S 3 is a connected, orientable surface
F such that ∂F = L.
Definition 2.2.11. Given a link L ⊂ S 3 , let S be a Seifert surface for L. The canonical
longitude `i for a boundary component of the link complement Ti ⊂ S 3 \ν(L) is the isotopy
class of the curve `i ⊂ ∂Ti arising from the intersection ∂Ti ∩ S. Equivalently one may
define the canonical longitude to be the isotopy class of simple closed curves on Ti which is
homologically trivial in S 3 \ν(L).
Definition 2.2.12. We call a link L a fibered link if S 3 \ν(L) can be realized as a mapping
torus F × [0, 1]/(x, 0) ∼ (ϕ(x), 1) for some homeomorphism ϕ such that each boundary
component of each fiber is the canonical longitude in the boundary component it meets.
Note that given a pure braid β on n-strands with link closure L, one can consider a new
link L0 which is obtained by adding the braid axis to β̂ = L. The complement S 3 \ν(L0 )
is then a Dn bundle over S 1 where Dn is the disk with n disks removed. So S 3 \ν(L0 ) is a
fibered 3-manifold by the above definition, but it is not a fibered link since only the boundary
component of Dn corresponding to the braid axis is a longitude.
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Figure 2.7: The trefoil knot (left), the figure-8 knot (center), and the Borromean rings
(right).[18]
Example 2.2.13. Consider the figure–8 knot K as seen in Figure 2.7. We can realize
S 3 \ν(K) as a T12 -bundle over the circle where T12 is the torus with one boundary component,
i.e. S 3 \ν(K) ∼
=
= T12 × [0, 1]/(x, 0) ∼ (ϕ(x), 1). In Example 2.2.2 we saw that Mod(T21 ) ∼
SL2 (Z). If we consider the equivalence class of ϕ in SL2 (Z), one can show that


2 1
[ϕ] = 

1 1
which is a pseudo-Anosov homeomorphism.
Example 2.2.14. The trefoil knot in Figure 2.7 is a fibered knot with a periodic monodromy.
It is a well-known result that the fibered surface for the trefoil is a torus with one boundary
component. Again, if we consider the monodromy ϕ in SL2 (Z) we get




 1 1
[ϕ] = 

−1 0
Definition 2.2.15. The genus of a link is the minimal genus g amongst all Seifert surfaces
for the link.
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Definition 2.2.16. The slice genus gs of a link L in S 3 is the minimal genus amongst all
embedded, connected, orientable surfaces S ⊂ B 4 having L as boundary where we think of
S 3 = ∂B 4 . Note that we immediately have that gs ≤ g where g is the genus of a link.
A classical result says that for fibered links in S 3 , the genus of the fiber is the genus of
the link.
Example 2.2.17. The T (p, q) torus knot is fibered. The famous Milnor conjecture proved
by Kronheimer and Mrowka states that the slice genus of the T (p, q) torus knot is

(p−1)(q−1)
.
2

This gives a lower bound on the genus of the fiber surface. One can construct a Seifert
surface for T (p, q) which has genus

(p−1)(q−1)
2

and so the genus of the T (p, q) is

(p−1)(q−1)
.
2

Despite there being infinitely many fibered knots, a rather remarkable fact is that the
only genus one fibered knots are the trefoil and the figure-8. A classical result of Stallings
which we reprove in Chapter 4 is that all homogenous braids are fibered (see Chapter 4 for
definitions).
Example 2.2.18. The braid word β associated to the Borromean link B is β = σ1 σ2−1 σ1 σ2−1 σ1 σ2−1
which is a homogeneous braid and thus by the above remark, B is fibered.
The main idea of this dissertation is to relate the topology and geometry of a mapping
torus to the homeomorphism ϕ underlying the resulting 3-manifold. The first major result
in this vein is the following result of Thurston.
Theorem 2.2.19. [36] Let ϕ : F → F be a homeomorphism of a compact, connected surface
with associated mapping torus Mϕ . Then Mϕ is hyperbolic if and only if ϕ is pseudo-Anosov.
This gives us another powerful tool for determining if a knot or link complement gives a
hyperbolic 3-manifold. In the case where the knot is fibered, we can study the monodromy
of the fibration and its dynamics to determine the hyperbolicity of the complement.
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Complexes associated to a surface

For a surface F with boundary, we define several complexes associated to embedded arcs and
curves. Before defining these complexes, we first recall some classical definitions of essential
arcs and curves. These types of embedded 1-manifolds are the main objects of study for
geometric group theorists trying to understand the geometry of the mapping class group.
Definition 2.3.1. We say that an embedded curve γ ⊂ F is an essential curve if γ does
not bound a disk on F and γ is not isotopic into the boundary of F .
Definition 2.3.2. We say a properly embedded arc α ⊂ F is an essential arc if α does not
cobound a disk with an arc β ⊂ ∂F . Note that if α has its endpoints on different boundary
components of F , then α is essential.
It will only be necessary to consider arcs and curves up to isotopy. Therefore, given an
essential arc α or an essential curve γ on F we denote [α] and [γ] to be the corresponding
proper isotopy classes.
First we define the curve complex originally defined by Harvey. [11]
Definition 2.3.3. For every isotopy class [γ] of essential curves on F we assign an abstract
vertex also labeled by [γ]. We define the rest of the complex inductively. Any collection
of distinct isotopy classes of curves Γ = {[γ0 ], . . . , [γk ]} determines a k–simplex if for all
0 ≤ i, j ≤ k with i 6= j there are representatives γi0 ∈ [γi ] and γj0 ∈ [γj ] such that γi0 ∩ γj0 = ∅.
The curve complex C(F ) is the simplicial complex determined by the union of all such
simplices.
Definition 2.3.4. For every isotopy class [α] of essential arc on F we assign an abstract
vertex also labeled by [α]. As before, we define the complex inductively. Any collection of
distinct isotopy classes of arcs A = {[α0 ], . . . , [αk ]} determines a k–simplex if for all 0 ≤
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i, j ≤ k with i 6= j there are representatives αi0 ∈ [αi ] and αj0 ∈ [αj ] such that αi0 ∩αj0 = ∅. The
arc complex A(F ) is the simplicial complex determined by the union of all such simplices.
Definition 2.3.5. For every isotopy class [α] of essential arc and for every isotopy class [γ]
of essential curve on F we assign abstract vertices labeled by [α] and [γ], respectively. As
before, we define the complex inductively. Any collection of distinct isotopy classes of arcs
an curves A = {[β0 ], . . . , [βk ]} determines a k–simplex if for all 0 ≤ i, j ≤ k with i 6= j
there are representatives βi0 ∈ [βi ] and βj0 ∈ [βj ] such that βi0 ∩ βj0 = ∅. The arc-and-curve
complex AC(F ) is the simplicial complex determined by the union of all such simplices.
Remark 2.3.6. To simplify notation, α will refer to the isotopy class [α] unless otherwise
stated.
We are only concerned with the 0– and 1–skeleta of A(F ), AC(F ), and C(F ). For
each of these complexes, we obtain a metric space by assigning length 1 to each edge and
defining d(α, β) to be the minimum path length over all paths from α to β. We denote
the corresponding metrics in the curve complex as dC , in the arc complex as dC , and in the
arc-and-curve complex by dAC .
A fundamental result in this area is by Masur and Minsky. They proved that the curve
complex is δ–hyperbolic [22]. Similarly with this metric A(1) (F ) is δ–hyperbolic [21] and
AC (1) (F ) is also δ–hyperbolic [16]. Note that the natural inclusion ι : A(1) (F ) → AC (1) (F )
is distance-decreasing, i.e. dA (α, β) ≥ dAC (α, β) for any arcs α, β ⊂ F .
Let [ϕ] ∈ Mod(F) be a mapping class. Since any two representatives of [ϕ] are isotopic,
they will send isotopic curves to isotopic curves. Furthermore, disjoint curves will be sent
to disjoint curves and so [ϕ] acts on C (1) (F ) as an isometry. Since isotopic homeomorphisms
induce the same isometry on the curve complex, we will drop the equivalence class notation.
As mentioned in the introduction, the object of interest is the translation distance of ϕ.
Definition 2.3.7. Let ϕ : F → F be a surface homeomorphism. The translation distance
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Figure 2.8: The monodromy given by ϕ = Ta Tb TC TD corresponds to the monodromy of the
complement of the 77 knot.
of ϕ in A(1) (F ) is
dA (ϕ) = min{dA (α, ϕ(α)) | α ∈ A(0) (F )}.
The translation distance of ϕ in C (1) (F ) or AC (1) (F ) is defined analogously.
Example 2.3.8. Consider G = Isom+ (R2 ) which is the orientation preserving isometry
group of the Euclidean plane. Given any point (x, y) ∈ R2 , there is a rotation ϕ ∈ G about
that point which, by construction, fixes (x, y). Thus the translation distance of ϕ on the
Euclidean plane is 0.
Example 2.3.9. Consider a surface S with two disjoint curves α and β and let Tα : S →
S denote homeomorphism given by Dehn twisting about α. Clearly Tα (β) = β and thus
dC (Tα ) = 0.

Example 2.3.10. Consider the fibered knot K = 77 in the census. The monodromy of this
knot complement can be found using flipper [4] as a composition of Dehn twists given by
ϕ = Ta Tb TC TD where a capital letter subscript implies a left-handed Dehn twist. As seen in
Figure 2.8, the blue arc denoted α and the pink arc ϕ(α) are disjoint and so d(α, ϕ(α)) ≤ 1.
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Boundary slopes

Definition 2.4.1. We say that a surface (S, ∂S) is properly embedded in a 3-manifold
(M, ∂M ) if S ∩ ∂M = ∂S and S is embedded.
Definition 2.4.2. Let S 6= S 2 be a properly embedded compact surface in a 3-manifold M .
We say that an embedded disk D is a compressing disk for S if D ∩ S = ∂D and ∂D does
not bound a disk on S. If no such disk exists, we say that S is incompressible.
Definition 2.4.3. Let S be a properly embedded compact surface S in a 3-manifold M . We
say that an embedded disk D is a boundary-compressing disk for S if D ∩ S = α where
α is essential on S, D ∩ ∂M = β, α ∪ β = ∂D, and α and β meet at only two points. If no
such disk exists, we say that S is boundary-incompressible.
Definition 2.4.4. A surface S in a 3-manifold M is boundary parallel if S is isotopic to
some boundary components of M .
Definition 2.4.5. We say a properly embedded surface S ⊂ M is essential if S is incompressible, boundary-incompressible, and not boundary parallel.
Proposition 2.4.6. Each fiber F (t) = F × {t} for t ∈ [0, 1] in a fibered 3-manifold is an
essential surface.
Proof. Each fiber F (t) is not boundary parallel. Furthermore, we can realize π1 (Mϕ ) as
an HNN-extension of π1 (F ) relative to the isomorphism ϕ : π1 (F ) → π1 (F ) where ϕ is
the induced isomorphism coming from the homeomorphism ϕ : F → F . The inclusion
ι : F → Mϕ is π1 -injective by Higman, B. Neumann, and H. Neumann and thus F is
incompressible. Lastly, we must check that F (t) is boundary-incompressible. Suppose for a
contradiction that D is a boundary compression disk for F (t) and consider the 3-manifold
M̂ = Mϕ ∪∂Mϕ Mϕ which is the double of Mϕ along its boundary. Let F̂ (t) be the closed
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surface corresponding to the union of F (t) and its corresponding copy in the the other
copy of Mϕ . Furthermore, the copy of the boundary-compression disk D is also a boundary
compression disk for the copy of F (t) and so D̂, the union of these two disks, is a compression
disk for the closed surface F̂ (t). Let ϕ̂ : F̂ → F̂ be the homeomorphism given by ϕ ∪ ϕ0
where ϕ0 is the corresponding homeomorphism of the copy of F (t). We now recognize
M̂ ∼
= F̂ × [0, 1]/(x, 0) ∼ (ϕ̂(x), 1), i.e. M̂ is a mapping torus over the closed surface and
by the above reasoning F̂ must be incompressible. This contradicts the assumption that D
existed and so F (t) is boundary-incompressible. So F (t) is essential.
Let M be a fibered 3-manifold with monodromy ϕ, i.e. M ∼
= Mϕ . For what follows, it
will be necessary to differentiate between surfaces that meet ∂Mϕ in curves parallel to ∂F (t)
and those that do not. Let Ti2 be a boundary torus of Mϕ . We define the longitude `i of Ti2
to be the isotopy class of any component of ∂F meeting Ti2 . Choose the meridian mi to be
any simple closed curve on Ti2 such that π1 (Ti2 ) = hmi , `i i.
Definition 2.4.7. Let Ti2 be a boundary torus of Mϕ and let mi , `i be the generators of
π1 (Ti2 ) defined above. Furthermore, let S be an essential surface properly embedded in Mϕ
which meets Ti2 . We define the boundary slope of S on Ti2 to be the ratio

p
q

∈ Q ∪ { 10 }

where [∂S] = p[mi ] + q[`i ] ∈ H1 (Ti2 ; Z). If S does not meet Ti2 , the boundary slope of S
on Ti2 is undefined. In this case we say that S has slope u on Ti2 . If Mϕ has k–boundary
components, we can think of the slope of S as the k–tuple

p
q

∈ (Q ∪ { 01 } ∪ {u})k .

The main theorem utilizes the boundary slope of an essential surface S in Mϕ in several
places. The proof requires that in each boundary component of Mϕ , the surface S does not
have slope 01 , i.e. its boundary is not longitudinal, meaning not parallel to a fiber. This
motivates the following definition.
Definition 2.4.8. Let Mϕ have k–boundary components. We say that a properly embedded
surface S ⊂ Mϕ is a non-longitudinal surface if its slope

p
q

is in (Q ∪ { 01 } − {0})k . Note
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that a non-longitudinal surface meets every boundary component of Mϕ .
The existence of non-longitudinal surfaces is a non-trivial property in general. The proof
of the Weak-Neuwirth Conjecture by Culler and Shalen [6] demonstrated that all compact,
connected, orientable 3-manifolds M with ∂M = T 2 contain a properly embedded, essential,
non-longitudinal surface. For more than one boundary component, it is still unknown.

2.5

Dehn surgery

Given a 3-manifold M with boundary, we fix a basis m, ` for ∂M = T 2 . An important way
of obtaining 3-manifolds is through the process of Dehn filling.
Definition 2.5.1. Let M be a 3-manifold with ∂M = T 2 and let s = p[m] + q[`] be a
slope, i.e. an isotopy class of curves on ∂M . We define the s-Dehn filling of M , denoted
M (s), to be the manifold obtained by gluing a solid torus to ∂M so that the slope s on ∂M
bounds a disk in the resulting manifold, i.e. M (s) = M ∪f V where V is a solid torus and
f : ∂M → ∂V where f (s) = m where m is a meridian of V .
In the case where M has k cusps, we denote M (s1 , . . . , sk ) the 3-manifold obtained by
Dehn filling the ith cusp along the slope si .
Example 2.5.2. Let K be the unknot in S 3 and let M be its complement. Then M ( pq ) ∼
=
L(p, q), M ( 10 ) ∼
= S 3 , and M ( 01 ) ∼
= S 2 × S 1.
Example 2.5.3. Let W be the Whitehead link and M be its complement. Let M (−1) denote
the manifold obtained by Dehn filling just one of the two boundary components of M , i.e.
M (−1) is a 3-manifold with torus boundary. Then M (−1) ∼
= S 3 \ν(41 ) where 41 is the
figure-8 knot.
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Definition 2.5.4. Given a closed 3-manifold M and a link L ⊂ M , we define Dehn surgery
to be the process by which an open tubular neighborhood of L is removed and the resulting
3-manifold with torus boundary is then Dehn filled.
The following theorems show a fundamental relationship between links and 3-manifolds
using Dehn surgery.
Theorem 2.5.5 (Lickorish [17], Wallace [37]). Every closed orientable 3-manifold M is
obtained by performing Dehn surgery on a link in S 3 .
Since the geometry of 3-manifolds has been one of our main considerations, we would
like to study the geometry of 3-manifolds obtained by Dehn filling. The following theorem
of Thurston shows that Dehn filling hyperbolic 3-manifolds will almost always result in a
hyperbolic 3-manifold.
Theorem 2.5.6 (Hyperbolic Dehn Surgery). Let M be a 3-manifold with k cusps. For
each cusp there is a finite collection of slopes Ei such that if si 6∈ Ei for 1 ≤ i ≤ k, then
M (s1 , . . . , sk ) is hyperbolic.
We call slopes in Ei exceptional slopes. In the cases where the Dehn filled 3-manifold is
not hyperbolic, one can still ask about the topology and geometry of the resulting manifold.
An interesting conjecture says that hyperbolic knots never have surgeries which result in
reducible 3-manifolds. See the survey paper [10] for more on connections between Dehn
filling and 3-manifolds.
Conjecture 2.5.7 (Cabling Conjecture). Let K be a hyperbolic knot in S 3 . Then any nontrivial Dehn filling of S 3 \ν(K) is irreducible, i.e. any embedded 2-sphere bounds a 3-ball.
This has been proved for many classes of knots, such as alternating knots and arborescent
knots. In Chapter 5 we prove the Cabling Conjecture for fibered knot complements with
high translation distance.

Chapter 3
Translation distance and fibered
3-manifolds with boundary
3.1

Introduction

At the heart of the main theorem of this chapter is a fundamental connection between the
topology and geometry of a fibered 3-manifold and the underlying surface homeomorphism.
One of the first and well-known results relating dynamics on a surface and fibered 3-manifolds
is the following well known result of Thurston, which was mentioned in Chapter 2:
Theorem 2.2.19. Let ϕ : F → F be a homeomorphism of a compact, connected surface
with associated mapping torus Mϕ . Then Mϕ is hyperbolic if and only if ϕ is pseudo-Anosov.
Since periodic homeomorphisms give rise to mapping tori that are Seifert manifolds and
reducible homeomorphisms give rise to mapping tori that have a non-trivial JSJ decomposition into simpler pieces, this result of Thurston implies that, in some sense, the only
interesting fibered 3-manifolds are hyperbolic. This is also evidenced by the recent results
of Maher [20] which show that in a natural sense, fibered hyperbolic 3-manifolds are the
generic type of fibered 3-manifold.
23
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A natural question to ask is “what does ϕ tell me about properties of Mϕ ?” and viceversa. The object of focus in this chapter is the translation distance of ϕ in the arc complex
dA (ϕ) (or arc-and-curve complex dAC (ϕ)), defined in Chapter 2. Intuitively dA (ϕ) is the
minimum distance any vertex is moved in the arc complex under the action of ϕ.
When the fibered 3-manifolds in question are closed, the natural object to consider is
the translation distance in the curve complex. Bachman and Schleimer demonstrated a deep
connection between incompressible surfaces in Mϕ and bounds on the translation distance
in the curve complex, in particular they showed
Theorem 3.1.1. [3] Let ϕ : F → F be a diffeomorphism of a closed orientable surface with
genus g(F ) ≥ 2. If S ⊂ Mϕ is a connected, orientable, incompressible surface, then either
1. S is isotopic to a fiber, or
2. S is a torus and dC (ϕ) ≤ 1, or
3. dC (ϕ) ≤ |χ(S)|.
The main result in this chapter is to extend Theorem 3.1.1 to fibered 3-manifolds with
boundary. One nice application of this result will be to the class of fibered knot and link
complements. In order to determine bounds similar to those given in Theorem 3.1.1, we
will restrict to the class of non-longitudinal surfaces, i.e. essential surfaces which meet
every boundary component of the link complement and where the slope on each boundary
component is different from the fiber. We prove
Theorem 3.1.2. Let ϕ : F → F be a homeomorphism of a connected, compact, orientable
surface F with boundary and χ(F ) < 0. If S ⊂ Mϕ is a connected, orientable, essential
closed surface with no accidental parabolics or an essential non-longitudinal surface in Mϕ ,
then either
1. ϕ is periodic and dAC (ϕk ) = 0 where ϕk = idF ,
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2. ϕ is reducible and dAC (ϕ) ≤ 1, or
3. ϕ is pseudo-Anosov and dAC (ϕ) ≤ |χ(S)|.
If we restrict our attention further to the action of ϕ on the arc complex, then the natural
inclusion of the arc complex into the arc and curve complex gives a stronger result in the
case where ϕ is pseudo-Anosov. Recall that dAC (ϕ) ≤ dA (ϕ).
Theorem 3.1.3. Let ϕ : F → F be a pseudo-Anosov homeomorphism of a connected,
compact, orientable surface F with boundary and χ(F ) < 0. If S ⊂ Mϕ is a connected,
orientable, essential non-longitudinal surface properly embedded in Mϕ , then dA (ϕ) ≤ |χ(S)|.
Given a non-sporadic surface F with boundary (i.e. 3g + b ≥ 5 where g is the genus of
F and b is the number of boundary components) and any n ∈ Z, there are infinitely many
homeomorphisms ϕ : F → F such that dA (ϕ) > n (see Lemma 3.3.2). However, Schleimer
has conjectured the following:
Conjecture 3.1.4 (Schleimer [33]). For any closed connected oriented 3-manifold M , there
is a constant t(M ) with the following property: if K ⊂ M is a fibered knot then the monodromy of K has translation distance in the arc complex of the fiber at most t(M ). Furthermore t(S 3 ) = 2.
Using Theorem 3.1.3 we give an infinite family of fibered hyperbolic knots in S 3 which
satisfy Conjecture 3.1.4. In particular we show
Corollary 5.1.1. Let K ⊂ S 3 be a fibered Montesinos knot with r rational tangles and
monodromy ϕ. If r ≥ 4, then dA (ϕ) ≤ 2.
Define the surface complexity of a fibered 3-manifold M as Ψ(M ) = minS∈S |χ(S)| where
S is the collection of all orientable, non-longitudinal, essential surfaces S properly embedded
in M . In Section 3.3.1, we apply Theorem 3.1.3 and a result of Masur and Minsky [22] to
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show that essential surfaces become increasingly complex in Mϕn as n increases. Specifically,
we show
Corollary 3.1.5. Let F be a non-sporadic surface with boundary and ϕ : F → F a pseudoAnosov homeomorphism. Then the surface complexity Ψ(Mϕn ) → ∞ as n → ∞.

3.2

Euler Characteristic Bounds Translation Distance

For the entirety of this chapter, we will assume that all 3-manifolds and surfaces in question
are orientable. Let F be a connected, compact, surface with boundary and χ(F ) < 0. Let
ϕ : F → F be a homeomorphism and Mϕ the mapping torus.
Our goal is to obtain a collection of arcs arising from the intersection of the fibers with
a non-longitudinal surface which will define a path between α and ϕ(α). If done carefully,
the Euler characteristic of the non-longitudinal surface can be used to bound the number of
arcs in such a collection. We will use these ideas in later chapters to obtain connections to
Dehn surgery and bounds on translation distance by genus.
We start by proving a few necessary lemmas which will enable us to prove all arcs and
curves of intersection between the fibers of a fibered 3-manifold and a properly embedded,
non-longitudinal, essential surface are essential on both surfaces.
Suppose Mϕ is a fibered hyperbolic 3-manifold and let ρ : π1 Mϕ → PSL(2, C) be a discrete
faithful representation of the fundamental group of Mϕ . Given S, a properly embedded
surface in Mϕ or closed embedded surface, and an essential curve γ ⊂ S, we will say that γ is
an accidental parabolic for S if ρ([γ]) is a parabolic element under the induced representation.
Topologically the curve γ is an essential curve on S, but boundary parallel in M . We will
use the topological definition. Let ν(S) denote an open regular neighborhood of S.
Lemma 3.2.1 (Purcell, [27]). Suppose S is a properly embedded, essential surface in a
hyperbolic 3-manifold M and suppose S has an accidental parabolic γ. Let h(γ) denote
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Figure 3.1: The induced singular foliation on a properly embedded Conway sphere, C, after
isotopy. The red arcs are the arcs of the foliation containing the non-transverse intersections
of C with the fibers. In particular there are exactly 2 intersections as |χ(C)| = 2.
the image of γ under the homotopy taking γ into ∂M . Then there is an essential annulus
embedded in M \ν(S) with one boundary component γ1 on ∂M \ν(∂S) and the other on ∂ν(S).
Furthermore, if h is an isotopy then we may take γ1 = h(γ).
Theorem 3.2.2 (Jaco [13]). Let M be a compact, orientable, irreducible 3-manifold with
incompressible boundary. If M admits a singular, essential annulus then M admits an embedded, essential annulus.
In [34], Thurston showed that a surface S in a fibered, compact 3-manifold with ∂S
contained in a fiber or transverse to the fibers can be
(i) isotoped into a fiber, or
(ii) isotoped so that S meets each fiber transversely except at finitely many singular points.
Because we will use it later in a critical part of the proof, we prove a lemma quantifying
the number of singularities arising from Thurston’s construction.
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Lemma 3.2.3. Suppose S is a connected, orientable, essential closed surface with no accidental parabolics or an essential non-longitudinal surface properly embedded in Mϕ . Then
there exists an isotopy of S such that
1. S meets each fiber transversely except for at finitely many singular points,
2. each singular point contributes a 4-pronged singularity for the induced singular foliation
of S, and
3. there are exactly |χ(S)| many such singular points, each contained in a unique fiber.
Proof. As in [34], isotope S so that it meets each fiber transversely except for at a finite
number of saddle points. This proves (1) and (2). If necessary, we may perturb the isotopy
slightly so that each singularity is contained in a unique fiber. The Euler-Poincaré-Hopf
formula states that
2χ(S) = Σ(2 − Ps )
where the sum is taken over all singularities s in the induced singular foliation of S and Ps
denotes the number of prongs at s. Since the induced foliation only contributes singularities with 4 prongs, there must be |χ(S)| many 4-pronged singularities (in the case ∂S 6= ∅,
there are no boundary singularities as ∂S meets the boundary of each fiber transversely).

See Figure 3.1 for a depiction of an induced singular foliation for a Conway sphere in a
fibered knot complement.
In order to show that all curves of intersection between the fibers and an essential nonlongitudinal surface are essential on both, we must show that any curve in a hyperbolic
3-manifold M is homotopic into at most one boundary component of M .
Lemma 3.2.4. A curve γ in a hyperbolic 3-manifold M with boundary a collection of tori
is homotopic into at most one boundary component of M .
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F (t0 )

S

Figure 3.2: The red curve γ bounds a disk on S and F (t0 ). The resulting embedded 3–ball
provides a center tangency (depicted in red) between S and a fiber F (t0 + ).
Proof. Suppose γ can be homotoped into two distinct boundary components of M . The
union of the image of these two homotopies gives an immersed annulus A in M . Then Theorem 3.2.2, the annulus theorem of Jaco, provides an embedded annulus in A0 in M , contradicting the hyperbolicity of M since hyperbolic 3-manifolds cannot have essential annuli.

In the next two lemmas, we show that S can be isotoped so that all curves and arcs of
intersection with the fibers are essential on S and the fibers.
Lemma 3.2.5. If S is a connected, orientable, essential closed surface with no accidental
parabolics or an essential non-longitudinal surface properly embedded in a fibered hyperbolic
3-manifold Mϕ , then S can be isotoped so that every curve of intersection between S and any
fiber is essential on both surfaces.
Proof. Let F (t) = F × {t} for t ∈ [0, 1]. Apply Lemma 3.2.3 to obtain an isotopy of S such
that S is transverse to the fibers except at finitely many points critical points c1 , . . . , cn ∈
[0, 1]. By hypothesis we know that S cannot be a fiber as S is either non-longitudinal, in

CHAPTER 3. TRANSLATION DISTANCE AND FIBERED 3-MANIFOLDS

(a)

(b)

30

(c)

Figure 3.3: The possible types for singular components of S ∩ F (ci ) where (a) is the intersection of two curves, (b) is the intersection of a curve and an arc, and (c) is the intersection
of two arcs.
which case it has non-zero slope whereas all fibers have 0 slope, or S is closed and thus not
a fiber since fibers have boundary.
For t0 a non-critical point, consider S ∩ F (t0 ) which is a collection of curves, arcs, or
both. Our goal is to show that every transverse curve is essential on both surfaces.
Suppose first that γ is such a curve and γ bounds a disk D on S. Then γ must also
bound a disk D0 on F (t0 ), for if γ did not we would have that D is a compressing disk for
F (t0 ), contradicting the incompressibility of the fibers as shown in Proposition 2.4.6. So γ
bounds a disk on both surfaces giving rise to an embedded 2–sphere D ∪ D0 . Since Mϕ is
irreducible, this 2–sphere bounds a 3–ball B which leads to a center tangency of S and some
fiber F (t0 + ) where || > 0, contradicting transversality except at saddle points (see Figure
3.2).
Suppose now that γ bounds a disk D on F (t0 ). This forces γ to bound a disk D0 on
S since otherwise D would be a compressing disk for S and by hypothesis S is essential
and thus incompressible. An identical argument to that given above then shows that such a
curve γ cannot exist.
Suppose that ∂S 6= ∅ and γ is isotopic into ∂S and also isotopic into a component of
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∂F (t0 ) which lies in a boundary torus Ti2 . Lemma 3.2.4 implies that such a curve γ can
only be homotopic into a single boundary component of Mϕ . To avoid excessive notation,
we simply call this boundary component T 2 . The slope of ∂F (t0 ) in T 2 is

0
1

since ∂F (t0 )

is a longitude. By assumption, since S is a non-longitudinal surface ∂S ∩ T 2 is a finite
collection of parallel non-longitudinal curves and thus ∂S ∩ T 2 has non-zero slope. Therefore
S ∩ F (t0 ) ∩ T 2 is non-empty. The two homotopies taking γ into ∂S and γ into ∂F (t0 ) provide
a singular essential annulus. However, by Theorem 3.2.2 we would then get an embedded,
essential annulus contradicting hyperbolicity of Mϕ .
Lastly, suppose that γ is essential on S and homotopic into ∂F (t0 ). If S is a closed
surface without accidental parabolics, then by definition such a curve γ cannot exist as
γ is an accidental parabolic and the conclusion follows. Suppose therefore that S is nonlongitudinal. By Lemma 3.2.1, since γ is an accidental parabolic for S, there must be an
embedded, essential annulus A0 ⊂ Mϕ \ν(S) where the component of ∂A0 on ∂ν(S) is denoted
γ1 . Note that γ1 might be different from γ, but there is a homotopy taking γ to γ1 in Mϕ .
Consider the annulus A000 in Mϕ coming from A0 ∪ A00 where A00 is the singular annulus from
γ ⊂ S to γ1 ⊂ ∂ν(S) described above. Note that A000 is a singular annulus with one boundary
component γ and the other boundary component on ∂Mϕ \∂(S). Let A ⊂ Mϕ be the annulus
formed by taking the union of A000 and the annulus arising from the isotopy of γ into ∂F (t0 ).
The two boundary components of A must intersect on ∂Mϕ and thus they have different
slopes, i.e. A is a singular, essential annulus. To see this, note that if A was homotopic into
∂M , then this would furnish a homotopy between two distinct homotopy classes of curves
on ∂M , a contradiction. The annulus theorem of Jaco now provides an embedded, essential
annulus contradicting hyperbolicity of M . A symmetric argument gives the case where γ
is essential on F (t0 ) and homotopic into ∂S. Thus every transverse curve of intersection is
essential on both surfaces.
In the case where the collection F (t0 ) ∩ S contains at least one arc component, it must
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be the case that S is a non-longitudinal surface and not a closed surface. Therefore the
following lemma only applies in that case.
Lemma 3.2.6. If S is a connected, orientable, non-longitudinal essential surface properly
embedded in a fibered hyperbolic 3-manifold Mϕ , then S can be isotoped so that every arc of
intersection between S and any fiber is essential on both surfaces.
Proof. Again, apply Lemma 3.2.3 to obtain an isotopy of S such that S is transverse to the
fibers. In particular, we may assume we have the same isotopy as the one chosen in Lemma
3.2.5.
We now deal with the case where F (t0 ) and S meet in an arc α inessential on F (t) and
essential on S. Then α being inessential on F (t) provides us with a disk D such that α
cobounds D with an arc β ⊂ ∂F (t) ⊂ ∂Mϕ . Without loss of generality, we may assume that
α is the outermost arc of intersection since if α0 6= α is the outermost arc of intersection, α0
is also inessential as α0 ⊂ D and so α0 also cobounds a disk. By definition, D is a boundary
compression disk for S contradicting the boundary-incompressibility of S. So α must be
inessential on both surfaces. A symmetric argument shows that if α is inessential on S then
it must be inessential on F (t).
Thus α must be inessential on S and F (t). In this case, α cobounds a disk D on S with
D ∩ ∂S = β, and ∂D = α ∪ β. Note that α is a leaf of the singular foliation of S and β must
be met transversely at all points by our choice of isotopy of S. Also, the disk D inherits a
foliation which (possibly) contains finitely many finite-pronged singularities. Choose an arc
α1 ⊂ D such that α1 cobounds a disk D1 with a subarc β1 ⊂ β and such that intD1 does not
contain any finite-pronged singularities. By identifying D1 with a Euclidean disk, we may
assume that the length of β1 is 1.
We will inductively construct a sequence of arcs {βi } as follows: Consider the disk Di
with boundary αi and βi . Choose the midpoint mi ∈ βi . The arc αi+1 based at mi must
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hit another point ki+1 ∈ βi . Let βi+1 be the segment between mi and ki+1 and so βi+1 and
αi+1 bound a disk Di+1 ⊂ Di . Since `(βi+1 ) <

`(βi )
2

we have that `(βi ) → 0 as i → ∞ and so

there is a unique point P that is the limit of {mi } and {ki }.
Consider the arc αP based at P which must have its other endpoint Q on β. Choose a
small semi-circular neighborhood N of P not containing Q. Since P is a limit point of {mi }
and {ki }, we can choose j > 0 large enough so that mi , ki ∈ N for all i ≥ j. Therefore
αP must intersect αi+1 for all i ≥ j contradicting our choice of D1 which did not contain
any finite pronged singularities. Thus every arc of intersection must be essential on both
surfaces.

We now have the necessary tools to prove the main theorem. The proof is inspired in part
by the work of Bachman and Schleimer in their proof of Theorem 3.1 in [3]. After proving
Theorem 3.1.3, we will use it to prove Theorem 3.1.2.
Theorem 3.1.3. Let ϕ : F → F be a pseudo-Anosov homeomorphism of a connected,
compact, orientable surface F with boundary and χ(F ) < 0. If S ⊂ Mϕ is a properly
embedded, connected, orientable, essential non-longitudinal surface, then dA (ϕ) ≤ |χ(S)|.
Proof. Since ϕ is pseudo-Anosov, we have by Theorem 2.2.19 that Mϕ is hyperbolic. Use
Lemma 3.2.3 to isotope S to be transverse to the fibers except at n = |χ(S)| singular points.
n−1
Let {ci }n−1
i=0 be the values in [0, 1] where F (ci ) fails to be transverse to S. Pick points {τi }i=0

in [0, 1] such that ci−1 < τi < ci with indices taken mod n. Without loss of generality, we
may assume τ0 = 0 by applying a rotation.
As the singular component of S ∩ F (ci ) must arise as one of three possibilities seen in
Figure 3.3, all singular points come from the intersection of two curves (Figure 3.3(a)), an
arc and a curve (Figure 3.3(b)), or two arcs (Figure 3.3(c)).
Our goal is to inductively choose n + 1 arcs of intersection {αi }ni=0 between S and the
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fibers so when the entire collection is viewed as lying on F (τ0 ) simultaneously we have that
αi ∩ αi+1 = ∅. To achieve this goal, we will analyze the singular components S ∩ F (ci ).
Let α0 be any arc of intersection in S ∩ F (τ0 ). Given αi ⊂ S ∩ F (τi ) with 0 ≤ i ≤ n − 2,
choose an arc αi+1 ⊂ S ∩ F (τi+1 ) where αi+1 is obtained from αi as follows:
(i) αi+1 is the push-forward of αi through S if αi is not adjacent to the singularity of
F (ci ), or if αi is adjacent to the singularity then
(ii) αi+1 := α where α is an arc component of F (τi+1 ) adjacent to the singularity of F (ci ).
This gives us a collection of n arcs {ai }n−1
i=0 . We choose the curve αn ⊂ F (1) to be
the curve α0 since F (0) = F (1). This is the critical choice that we will analyze further
momentarily.
0
= ∅ where
Now that we have chosen our n arcs, we would like to show that αi ∩ αi+1
0
is the pull back of αi+1 to the fiber F (ti ). Checking this involves two cases:
αi+1

Case 1. Suppose αi and αi+1 are mutually adjacent to a singular fiber F (ci ) with singular
component given by Figure 3.3(b). Let Γ be the singular component of F (ci ) ∩ S which is
a graph with three vertices and three edges. Let N = F × [τi , τi+1 ] be the product region
between our two non-critical values and let P be the component of S ∩ N that contains Γ.
Since F and S are orientable, we may assume that P is the annulus in N as seen in Figure 3.4
since by Morse theory, in a neighborhood of the singularity P appears as a saddle. However,
since our singular component arose from the intersection of an arc and a curve, P is a saddle
with a rectangle attached to the side of the saddle coming from the curve.
Without loss of generality we may assume that
1. P is properly embedded in N ,
2. P ∩ F (τi+1 ) is the essential arc αi+1 and an essential curve βi+1 , and
3. P ∩ F (τi ) is the essential arc αi .
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αi+1

Γ
00
αi+1

γ2
γ1

αi
F (τi )

βi+1
F (τi+1 )

Figure 3.4: A local picture of surface S sitting in the product region N = F × [τi , τi+1 ]. The
00
.
result of isotoping αi+1 off of F (τi+1 ) and into F (τi ) is denoted αi+1
for if P ∩F (τi+1 ) is αi+1 and P ∩F (τi ) is the arc αi and a curve βi the argument is unchanged.
Now, P is incompressible in N as any compression disk for P would give a compression
disk for S. However, P is boundary-compressible in N via the disk D bounded by an arc γ1 in
F (τi+1 ) joining αi+1 to βi+1 and an arc γ2 on P joining αi+1 to βi+1 . After this compression,
we obtain P 0 which is a properly embedded disk in N giving an isotopy of αi forward into
F (τi+1 ). Upon inspection we also see that αi can be realized as the connect sum of αi+1 and
00
βi+1 . Thus αi+1 is isotopic in N to αi+1
⊂ F (τi ) which is disjoint from αi as seen in Figure

3.4.
Case 2. Suppose αi and αi+1 are mutually adjacent to a singular fiber F (ci ) with singular
component given by Figure 3.3(c). Let Γ be the singular component of F (ci ) ∩ S which is
a graph with 5 vertices and 4 edges. As before let N = F × [τi , τi+1 ] be the product region
between our two non-critical values and let P be the component of S ∩ N that contains Γ.
Since F and S are orientable, we may assume that P is a disk in N .
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Therefore
1. P is properly embedded in N ,
2. P ∩ F (τi+1 ) is the essential arc αi+1 and an essential arc βi+1 , and
3. P ∩ F (τi ) is the essential arc αi and an essential arc βi .
Again, P is incompressible for the same reasoning as above. However P is boundarycompressible via the disk bound by the arcs γ1 in F (τi+1 ) joining αi+1 to βi+1 and an arc
γ2 on P joining αi+1 to βi+1 . Compressing along this disk yields two squares Q1 and Q2
properly embedded in N of the form Q1 = αi × [τi , τi+1 ] and Q2 = βi × [τi , τi+1 ]. The square
Q1 furnishes an isotopy of αi forward into F (τi+1 ). We can realize this boundary compression
locally as the connect sum operation on the arcs under inspection. Thus αi+1 is isotopic in
00
N to αi+1
⊂ F (τi ) which is disjoint from αi .

We can now take each arc of our collection {αi }ni=0 and pull them through Mϕ to lie on
F (0) simultaneously. Taking the arc αn := α0 and isotoping it off of F (1) and back through
the fiber bundle to lie back of F (0) results in the arc ϕ−1 (α0 ).
From this construction we get a collection of n + 1 arcs {αi0 }ni=0 lying on F (0) with the
following properties:
(i) αi0 is isotopic to αi through F × [0, τi ], α00 = α0 , and αn0 is obtained by isotoping α0 off
of F (1) through F × [0, 1],
0
(ii) αi0 ∩ αi+1
= ∅ for i ∈ {0, . . . , n − 1}, and

(iii) ϕ(αn0 ) is isotopic to α00 since, by construction, we have that αn0 is isotopic to ϕ−1 (α00 ).
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Thus

dA (ϕ) = min{dA (α, ϕ(α)) | α ∈ A(0) (F )}
≤ dA (ϕ(αn0 ), αn0 )
= dA (α00 , αn0 )
≤

n
X

0
dA (αi−1
, αi0 )

i=1

≤ n = |χ(S)|.

We can now prove
Theorem 3.1.2. Let ϕ : F → F be a homeomorphism of a connected, compact, orientable
surface F with boundary and χ(F ) < 0. If S is a connected, orientable, essential closed
surface with no accidental parabolics or an essential non-longitudinal surface in Mϕ , then
either
1. ϕ is periodic and dAC (ϕk ) = 0 where ϕk = idF ,
2. ϕ is reducible and dAC (ϕ) ≤ 1, or
3. ϕ is pseudo-Anosov and dAC (ϕ) ≤ |χ(S)|.
Proof. If ϕ is periodic, then ϕk = idF . Since ϕk fixes every arc and curve, dAC (ϕk ) = 0.
If ϕ is reducible, then ϕ permutes some disjoint collection of isotopy classes of closed
curves. If γ is such a curve, then either γ = ϕ(γ), or γ and ϕ(γ) are disjoint. In either case
dAC (ϕ) ≤ 1. Topologically we can think of a reducible monodromy as producing a 3-manifold
with an essential torus which comes from gluing γ to the disjoint curve ϕ(γ).
Lastly, suppose that ϕ is pseudo-Anosov. If S ⊂ Mϕ is a non-longitudinal surface, then
since dAC (ϕ) ≤ dA (ϕ), we are done by Theorem 3.1.3. If S is a closed surface without
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accidental parabolics, then there exists an isotopy of S by Lemma 3.2.3 and Lemma 3.2.6
such that all curves of intersection between S and any fiber are essential on all surfaces.
Following the construction in the proof of Theorem 3.1.3, we can choose a collection of n + 1
curves {γi0 }ni=0 (rather than arcs) lying on the intersection of the fibers with S satisfying
(i) γi0 is isotopic to γi through F × [0, τi ], γ00 = γ0 , and γn0 is obtained by isotoping γ0 off
of F (1) through F × [0, 1],
0
(ii) γi0 ∩ γi+1
= ∅ for i ∈ {0, . . . , n − 1}, and

(iii) ϕ(γn0 ) is isotopic to γ00 since, by construction, we have that γn0 is isotopic to ϕ−1 (γ00 ).
This is possible since after we isotopy S to be transverse to the fibers away from finitely
many singular points, all singular points will be of type (a) in Figure 3.3. Therefore

dAC (ϕ) = min{dAC (γ, ϕ(γ)) | γ ∈ AC (0) (F )}
≤ dAC (ϕ(γn ), γn )
= dAC (γ0 , γn )
≤

n
X

dAC (γi−1 , γi )

i=1

≤ n = |χ(S)|

3.3

Applications

There are several interesting applications of Theorem 3.1.3 that we shall discuss here. One
such application allows us to show that the magnitudes of the Euler characteristic of essential non-longitudinal surfaces in mapping tori corresponding to iterates of a pseudo-Anosov
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homeomorphism asymptotically increase as the degree of the iterate increases. Another
result relates the primitiveness of the monodromy to a conjecture of Schleimer.

3.3.1

Lower bounds on surface complexity

The first application is of a more classical nature in the sense that we more closely rely on
the action of the monodromy on the arc complex of the fiber.
To prove the theorem of this subsection, we need to slightly extend a fundamental result
of Masur and Minsky about translation distance in the curve complex which says
Theorem 3.3.1. [22] For a non-sporadic surface F , there exists a constant c > 0 such that
for any pseudo-Anosov diffeomorphism ϕ and any essential curve γ on F , we have

dC (γ, ϕn (γ)) ≥ c|n|

for all n ∈ Z.
We extend this result to the arc complex and obtain a similar lower bound for the distance
between an arc and its iterates under some pseudo-Anosov map:
Lemma 3.3.2. For a non-sporadic surface F with boundary, there exists a constant k > 0
such that for any pseudo-Anosov diffeomorphism ϕ and any essential arc α on F , we have

dA (α, ϕn (α)) ≥ k|n| − 2

for all n ∈ Z.
Proof. In [16], Korkmaz and Papadopoulos showed that for any essential arc α on F , there
is an essential curve γ such that α and γ are exactly distance 1 from each other in AC (1) (F ).
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Additionally, they showed that for any x, y ∈ C (0) (F ) we have that

dC (x, y) ≤ 2dAC (x, y)

Let α be any essential arc on F and choose γ as above so that dAC (α, γ) = 1. Since ϕ
acts by isometries on AC (1) (F ), we have that dAC (ϕn (α), ϕn (γ)) = 1 as well for all n ∈ Z.
By Theorem 3.3.1, we have that

c|n| ≤ dC (γ, ϕn (γ))
≤ 2dAC (γ, ϕn (γ))
≤ 2 [dAC (γ, α) + dAC (α, ϕn (α)) + dAC (ϕn (α), ϕn (γ))]
= 2 [2 + dAC (α, ϕn (α))] .

Letting k =

c
2

we have
dAC (α, ϕn (α)) ≥ k|n| − 2

and since dA (α, ϕn (α)) ≥ dAC (α, ϕn (α)) for any arc α, the conclusion follows.

Recall from Chapter 2 that the surface complexity of a fibered hyperbolic 3-manifold M
is
Ψ(M ) = min |χ(S)|
S∈S

where S is the collection of all non-longitudinal surfaces S properly embedded in M . This
definition for the surface complexity rules out zero-slope surfaces and thus the fiber surface.
If we include the Euler characteristic of the fiber surface, then Ψ(Mϕn ) = Ψ(Mϕm ) for all
n, m ∈ Z large enough. Additionally, since M is hyperbolic, we have that Ψ(M ) > 0.
Putting together Lemma 3.3.2 and Theorem 3.1.3 yields the following nice corollary.
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Corollary 3.3.3. Let F be a non-sporadic surface with boundary and ϕ : F → F a pseudoAnosov diffeomorphism. Then the surface complexity Ψ(Mϕn ) → ∞ as n → ∞.
Proof. For all n ∈ Z, we have that
dA (ϕn ) ≥ k|n| − 2

(3.1)

by Lemma 3.3.2. As n → ∞, the right-hand side gets arbitrarily large and thus the left-hand
side does as well. By Theorem 3.1.3, any essential non-longitudinal surface S ⊂ Mϕn must
satisfy
|χ(S)| ≥ dA (ϕn ).

(3.2)

Putting together Equations 3.1 and 3.2 yields the desired result.

3.3.2

Primitive monodromy

We say that a pseudo-Anosov mapping class ϕ ∈ Mod(F ) is primitive if
(i) ϕ is a reduced word, and
(ii) whenever ϕ = ψ k , we have that ψ = ϕ and k = 1.
Thus ϕ is not a power of another mapping class.
Let Kg be the collection of all fibered genus g hyperbolic knots. It was proved by
Stoimenow [32] that there are infinitely many hyperbolic knots of genus g ≥ 2. The question
of whether or not there are infinitely many fibered hyperbolic knots of fixed genus is still
open in general. However, it is believed that |Kg | = ∞ for each g ≥ 2 and some evidence in
this direction was given by Kanenobu [14] who showed that |K2 | = ∞.
The following result gives an interesting relationship between Schleimer’s Conjecture and
the degree of the monodromy of a knot:
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Theorem 3.3.4. Suppose that for every n ∈ N there exists ψ ∈ Mod(F ) which is primitive
and a knot Kn ∈ K2 with monodromy given by ϕ = ψ m for some m ≥ n, i.e. there exist knot
monodromies of arbitrarily large degrees. Then Schleimer’s Conjecture cannot hold.
Proof. Let F be a genus two surface with one boundary component. Choose N large
enough so that kN − 2 > 2 with k as in Lemma 3.3.2. Then by assumption there exists
a knot K ∈ K2 such that S 3 \ν(K) = Mψm for some m ≥ N and ψ primitive. Again, by
Lemma 3.3.2, dA (ψ m ) ≥ km − 2 > 2 contradicting Conjecture 3.1.4.
Mark Bell’s program flipper [4] shows that the knots 77 , 948 , 12n0642, 12n0838 are all
fibered hyperbolic knots of genus g = 2 with non-primitive monodromy.

Chapter 4
Genus bounds translation distance
Suppose F is a surface with one boundary component and ϕ : F → F is a pseudo-Anosov
surface homeomorphism. Suppose further that S is an essential non-longitudinal surface
embedded in Mϕ isotoped to be transverse to the fibers. Given two curves α and β on
a surface, we define the geometric intersection number ∆(α, β) as the minimal number of
intersections between all representatives of the curves in their respective homotopy classes.
Lemma 4.0.1. Let M be a one-cusped, hyperbolic, fibered 3-manifold with monodromy ϕ
and let S be a non-longitudinal surface. Then there is an isotopy of S such that there are
exactly k arcs of intersection between S and any regular fiber. In particular

k=

|∂S|∆
|∂F (t) ∩ ∂S|
=
2
2

where ∆ is the geometric intersection number of ∂F (t) with one component of ∂S.
Proof. Suppose S has slope p/q where p 6= 0 by assumption since S is non-longitudinal.
Note that since S is embedded, every boundary component of S is parallel to the every
other component and thus all boundary components have slope p/q. Since F (t) is a fiber it
has slope 0/1. In the case of a torus, the geometric intersection number ∆ of any boundary
43
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component ∂i S of S with ∂F (t) is computed explicitly in terms of the slopes of the curves
as
∆(∂i S, ∂F (t)) = |p · 1 − q · 0| = p.
Thus there are exactly |∂S|∆ number of points of intersection between ∂S and ∂F (t). Every
arc of intersection will start at a unique point of ∂S ∩ ∂F (t) and end on another unique
point of ∂F (t) ∩ ∂S. Thus the total number of arcs of intersection is

|∂S|∆
.
2

Theorem 4.0.2. Let M be a one-cusped, hyperbolic, fibered 3-manfiold with fiber surface F
and monodromy ϕ, and let S ⊂ M be a connected, essential, non-longitudinal surface. Then

dA (ϕ) ≤




3,

if g(S) = 0



8g(S) − 4,

if g(S) ≥ 1.

Proof. As in the proof of Theorem 3.1.3, isotope S so that it meets every fiber transversely
away from n fibers F (c0 ), . . . , F (cn−1 ) where n = |χ(S)|. We again choose regular values
where S meets the fibers transversely between each of the critical points and enumerate
them F (τ0 ), . . . , F (τn−1 ) such that ci−1 < τi < ci with indices taken modulo n. By Lemma
4.0.1, we know that S ∩ F (τi ) will contain exactly k arcs for all i = 0, . . . , n − 1. Consider
the collection of arcs α10 , . . . , αk0 ⊂ F (τ0 ).
j+1
For each αi0 , 1 ≤ i ≤ k, consider the collection {αij }n−1
is obtained from αij
j=0 where αi

as follows:
(i) αij+1 is the push-forward of αij through S if αij is not adjacent to the singularity of
F (cj ), or if αij is adjacent to the singularity then
(ii) αij+1 := α where α is an arc component of F (τj+1 ) adjacent to the singularity of F (cj ).
Again, as in the proof of Theorem 3.1.3, we choose αin := αi0 . So for each i ∈ {1, . . . , k}
we have a collection of n + 1 arcs {αij }nj=0 which can be isotoped to lie on the fiber F (τ0 ) so
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that
0

0

0

1. αij is isotopic to αij through F × [0, τi ], α0j = α0j , and αnj is obtained by isotoping α0j
off of F (1) through F × [0, 1],
0

0

2. αij ∩ αij+1 = ∅ for j ∈ {0, . . . , n − 1}, and
0

0

0

0

3. ϕ(αin ) is isotopic to αi0 since, by construction, we have that αin is isotopic to ϕ−1 (αi0 ).
Defining the arcs as we have, we see that as one moves across a singularity, all but
(maximum) two of the arcs change their isotopy class when viewed as lying on the fiber F .
Viewing all arcs as lying in A(F ) we see that the total length of all paths as we move across
a singularity increases by, at most, two units. Therefore the total length of all paths {αij }n−1
j=0
in A(F ) is bounded by 2|χ(S)|.
Letting ` be the length of the shortest such path, we see that

dA (ϕ) ≤ `

and since there are

|∂S|∆
2

number of total paths, we get the inequality

dA (ϕ)

|∂S|∆
|∂S|∆
≤
` ≤ 2|χ(S)|.
2
2

Since M is hyperbolic, we know that S ⊂ M must have negative Euler characteristic and
thus |χ(S)| = −χ(S) = 2g(S) + |∂S| − 2. Therefore

dA (ϕ)

|∂S|∆
≤ 2(2g(S) + |∂S| − 2)
2

and so

dA (ϕ) ≤

8g(S) − 8 + 4|∂S|
.
|∂S|∆

(4.1)
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We consider two cases.
Case 1: Suppose g(S) = 0. If this occurs, then Equation 4.1 can be simplified to
4|∂S| − 8
|∂S|∆
4
8
=
−
∆ |∂S|∆
8
≤4−
.
|∂S|∆

dA (ϕ) ≤

Since M is hyperbolic and g(S) = 0, |∂S| ≥ 3 and so 0 <

8
|∂S|∆

≤

8
3

we have dA (ϕ) ≤ 3

proving the first case.

Case 2: Suppose g(S) ≥ 1. In this case we may simplify Equation 4.1 to

dA (ϕ) ≤

4
8g(S) − 8
+ .
|∂S|∆
∆

Since both terms on the righthand-side are non-negative, we may drop the denominators
and obtain
dA (ϕ) ≤ 8g(S) − 4
proving the second case.
Theorem 4.0.3. Let M be a one-cusped, hyperbolic, fibered 3-manifold with monodromy ϕ
such that dA (ϕ) > 3. Then every Dehn filling of M is irreducible.
Proof. Suppose first that s =

0
1

and thus M (s) is a closed fibered 3-manifold of genus g ≥ 1

e of a fibered 3-manifold
since M is hyperbolic and one-cusped. Since the universal cover X
e is contractible and so π2 (X)
e = 0. Therefore π2 (M (s)) = 0
must be homeomorphic to R3 , X
and thus M (s) is irreducible as any reducing sphere would give non-trivial π2 .
Suppose that M (s) is reducible and let S be the collection of all reducing spheres for
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M (s). We choose S ∈ S to be a reducing sphere whose corresponding sphere Ŝ ⊂ M has a
minimal number of holes. We will show that Ŝ is essential. It is clear that Ŝ is not boundary
parallel. Suppose that Ŝ is compressible, i.e. there is an essential curve γ ⊂ Ŝ which bounds
a disk D̂ in the knot complement. Upon Dehn filling the knot, we obtain the image of the
disk, denoted D where ∂D divides S into two components A and B.
Claim: Either D ∪ A is essential or D ∪ B is essential.
Suppose D ∪ A is inessential. Then D ∪ A bounds a 3-ball B 3 and, in particular, this
3-ball is either outside D ∪ A, i.e. B ⊂ B 3 , or inside D ∪ A. Suppose first that D ∪ A bounds
a 3-ball on the outside. But if D ∪ A bounds a 3-ball on the outside, then B ∪ A bounds a
3-ball on the outside contradicting S being essential. Suppose instead D ∪ A bounds a 3-ball
on the inside. Then the homotopy taking A onto D proves that D ∪ B must be a reducing
sphere. However, the image of D ∪ B in M would have fewer punctures than S contradicting
minimality.
Let Ŝ have n boundary components. Suppose Ŝ is boundary-compressible and let D̂ be
the boundary-compression disk. By definition, ∂D = α ∪ β where α is an essential arc on Ŝ
and β ⊂ ∂M . There are two possibilities from here.
Suppose α connects distinct boundary components of Ŝ. Then compressing along this
disk results in a sphere Ŝ0 with n−1 boundary components which, after Dehn filling, remains
a reducing sphere contradicting minimality.
Otherwise α has both endpoints in one boundary component of Ŝ. In particular, α must
separate Ŝ into two components and thus α partitions the punctures of Ŝ since α is essential.
If we perform a boundary compression along D̂, we obtain two new spheres Sˆ1 and Sˆ2 where
the total number of boundary components between them is n + 1; performing a boundary
compression on a sphere increases the boundary components. Consider the image of D̂ in
M (s), denoted D. Note that this disk divides S into two spheres and just as above one of
them must be a reducing sphere. Considering this sphere in the Dehn surgered manifold
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contradicts the minimality assumption.
Therefore Ŝ must be essential in M . Since the boundary slope of Ŝ is s by construction,
by Theorem 4.0.2 we have that dA (ϕ) ≤ 3, contradicting the assumption that dA (ϕ) > 3.

Chapter 5
Families of low translation distance
links
In this chapter we will examine several families of knots and links which satisfy Schleimer’s
Conjecture and its generalizations. We recall the conjecture since it is so fundamental to the
topic of this chapter.
Conjecture 3.1.4 (Schleimer [33]). For any closed connected oriented 3-manifold M , there
is a constant t(M ) with the following property: if K ⊂ M is a fibered knot then the monodromy of K has translation distance in the arc complex of the fiber at most t(M ). Furthermore t(S 3 ) = 2.

5.1

Fibered Montesinos knots have low translation distance

As an application of Theorem 3.1.3 we show that infinitely many knots satisfy Conjecture
3.1.4.
49
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Figure 5.1: A projection of the Montesinos knot K = M



1
, − 32 , 25 , − 32 , − 32
2
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0 and an

essential Conway sphere in S 3 \ν(S).
Corollary 5.1.1. Let K ⊂ S 3 be a fibered, hyperbolic Montesinos knot with r rational tangles
and monodromy ϕ. If r ≥ 4, then dA (ϕ) ≤ 2.
Proof. In [12], Hirasawa and Murasugi determined when a Montesinos knot complement
is fibered in terms of the continued fraction expansion of the coefficients determining the
knot; in particular they showed that there are infinitely many fibered Montesinos knots for
every r ≥ 4. A Montesinos knot with r ≥ 4 always contains a non-longitudinal, essential
Conway sphere S, see Figure 5.1. Since |χ(S)| = 2, by Theorem 3.1.3 the translation distance
dA (ϕ) ≤ 2.
Example 5.1.2. Consider the Montesinos knot given by K = M



1
, − 23 , 25 , − 32 , − 32
2


0

using the notation of [12]. Then K is fibered hyperbolic, i.e. S 3 \ν(K) = Mϕ , and so by
Corollary 5.1.1, dA (ϕ) ≤ 2. See Figure 5.1 for a projection of K.

5.2

Braids and Murasugi Sums

In the following sections, we study closed homogenous braids and examine explicitly how
the monodromy of such a closed braid acts on curves on the fibered surface. We restrict our
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Figure 5.2: A visual representation of the relations defining the braid group Bn .
attention to homogeneous braids because these links are fibered by a classical result due to
Stallings. Using this action, we will show that these knots and links have low translation
distance in the curve complex of the fiber.
Definition 5.2.1. The braid group on n strands, or simply the braid group Bn is the
group given by the following presentation:

Bn = hσ1 , . . . , σn−1 | σi σi+1 σi = σi+1 σi σi+1 , σk σ` = σ` σk , 1 ≤ i ≤ n − 2, |k − `| ≥ 2i

To visualize Bn we start with n vertical strands of string numbered 1 to n. We think of
the generator σi of Bn as performing a positive half-twist about strands i and i + 1. Using
this visualization, the first collection of relations follows from Reidemeister’s third move.
The other relations known as the “far commutativity” relations follow because consecutive
twists about strands far apart can be interchanged.
Definition 5.2.2. Given a braid β we can form a link β̂ called the braid closure of β by
gluing the top of strand i to the bottom of strand i without adding extra crossings. See Figure
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Figure 5.3: The braid β = σ1 σ2−1 σ1 σ2−1 corresponding to the figure-8 knot (left) and the
braid closure β̂ (right).
5.3 to see the closure of the braid σ1 σ2−1 σ1 σ2−1 resulting in the figure-eight knot 41 .
Theorem 5.2.3 (Alexander [2]). Every link in S 3 can be represented as a closed braid.
A natural question is “when do two braids have the same closure?” Markov gave a list of
moves on braids to determine when two braids represent the same link. The kinds of braids
we will be mainly interested in are homogeneous braids and positive braids.
Definition 5.2.4 ([31]). A braid β ∈ Bn is homogeneous if β can be written as a product
of generators of the form σi11 σi22 · · · σikk such that
(i) j = ±1 for all 1 ≤ j ≤ k, and
(ii) all instances of a generator σij appear with the same exponent as all other instances of
that generator.
A non-trivial homogeneous braid β ∈ Bn is a braid such that every generator appears at
least twice in the braid word. For conciseness, we combine subwords of β of the form σi σi · σi
as σik where there are k instances of the generator.
Example 5.2.5. As seen above, the figure-8 knot can be written as the closure of the braid
σ1 σ2−1 σ1 σ2−1 and therefore it is a non-trivial homogeneous braid.
Example 5.2.6. The 62 knot is the closure of the homogeneous braid β = σ13 σ2−1 σ1 σ2−1 .
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Definition 5.2.7. We say that a homogeneous braid β is positive if it can be written in a
form where every exponent is positive.
The reason why we will restrict to the class of non-trivial homogeneous braids will become
clear later.
Definition 5.2.8. Let (F1 , ϕ1 ) and (F2 , ϕ2 ) be two fibrations of S 3 where ∂Fi = Li are links
and Fi is orientable. The Murasugi sum of (F1 , ϕ1 ) and (F2 , ϕ2 ) along some 2n-gon P
gives a fibration of S 3 denoted (F1 #P F2 , ϕ1 ◦ ϕ2 ) where
(i) the surface F1 #P F2 is the result of gluing F1 to F2 along the polygon P via an orientationpreserving homeomorphism, and
(ii) the monodromy is the composition of ϕ2 extended over F1 via the identity with ϕ1
extended over F2 via the identity.
Definition 5.2.9. A (positive) Hopf band H+ is the surface given on the left of Figure
5.4(b) and the (positive) Hopf link is the boundary of the Hopf band. Without loss of
generality, when we say “Hopf band” or “Hopf link” we mean “positive Hopf link” unless
specified.
The Hopf link L = ∂H+ is a fibered link in S 3 with complement homeomorphic to T 2 × I.
Note that the Seifert surface over which the Hopf link fibers can be viewed in T 2 × I as the
annulus which has one boundary component on the outer torus as a meridian and the other
on the inner torus as a longitude. We can therefore realize the complement of the Hopf band
as a surface bundle over the circle, i.e. S 3 \ν(L) = F0,2 /ϕ+ where we denote the monodromy
of this fibered link by ϕ+ .
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(b)

Figure 5.4: In (a) is a tower Ti of positive Hopf bands with disk Di in red, disk Di+1 in blue,
and the three bands Bi1 , Bi2 , Bi3 between them. In (b) is the Murasugi sum of two positive
Hopf bands along a common 4-gon outlined with red and green edges. [7]

5.3

Extending the construction of Dehornoy

As mentioned previously, all closed homogeneous braids are fibered due to Stallings [31].
Although this result is well-known and its proof is straight-forward, we will reproduce the
proof here and in doing so, keep track of how the monodromy acts on the fibered surface.
We will then be able to explicitly see how the monodromy acts on the surface and obtain
bounds on translation distance.

5.3.1

Homogenous braids are Murasugi sums of Hopf bands

The first step in bounding translation distance is to use Stalling’s theorem which states
that all closed homogenous braids are Murasugi sums of Hopf bands. The construction we
present here will enable us to analyze these knots in later sections. We prove the result first
for non-trivial positive braids and then extend to homogeneous braids.
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Theorem 5.3.1. All closed non-trivial positive braids can be realized as an iterated Murasugi
sum of positive Hopf bands (H+ , ϕ+ ).
Proof. Let β be a non-trivial positive braid on n strands with n ≥ 2 and let L = β̂ be its
braid closure. Associated to L is a surface S(β) obtained by taking n disks D1 , . . . , Dn and
gluing a twisted band between Di and Di+1 for each crossing between strand i and strand
i + 1. We describe the construction here.
Associated to each of the n − 1 pairs (Di , Di+1 ) is a tower Ti obtained by gluing all bands
between Di and Di+1 as in Figure 5.4. Since β is a non-trivial braid, there are at least j
bands Bi1 , . . . , Bij with j ≥ 2 glued between them. We can now realize Ti as an iterated
Murasugi sum by induction.
Start with (H+ , ϕ+ ). If j = 2, then (Ti , ϕ) = (H+ , ϕ+ ) and we are done. Suppose for the
inductive step that we can realize Ti as a Murasugi sum when there are j bands between Di
and Di+1 for some fixed j ≥ 2 and consider the tower Ti0 with j + 1 bands glued between
the disks. Let ϕ denote the monodromy of Ti . We can now attach a positive Hopf band
(H+ , ϕ+ ) to the top of (Ti , ϕ) to obtain Ti0 by gluing them along the 4–gons in Figure 5.4(b).
The result is the fibered surface (Ti0 , ϕ ◦ ϕ+ ).
To finish, we must realize S(β) as an iterated Murasugi sum. We start by showing
that Tn−1 can be glued via a Murasugi sum on top of Tn−2 to obtain the Seifert surface
associated to the restriction of β to the last three strands. Note that Tn−1 and Tn−2 both
share homeomorphic copies of the disk Dn−1 . As one moves from the top of Dn−1 to the
bottom there are bands attached to the disk on the left, Dn−2 , and bands attached to the
disk on the right, Dn . Let Wn−1 be the word in the symbols L, R (standing for “left” and
“right” respectively) which records the order in which these bands appear in Dn−1 and let
Wn−1 denote the word obtained from Wn−1 be reducing all consecutive sequences of R or L
to a singular R or L respectively. See Figure 5.6.
We want to define a polygonal structure on the left disk of Tn−1 denoted DL,n−1 and on
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(b)

Figure 5.5: In (a) is an example of Case 1 with towers Tn−2 and Tn−1 with homeomorphic
copies of the disk Dn−1 . As one moves from the top of Dn−1 to the bottom we obtain the
word Wn−1 = LRLRL = Wn−1 . We glue Tn−2 and Tn−1 together along the 4-gons in blue
and red. In (b) is an example of Case 2 with towers Tn−2 and Tn−1 with homeomorphic
copies of the disk Dn−1 . As one moves from the top of Dn−1 to the bottom we obtain the
word Wn−1 = LRLR = Wn−1 .
a region of the right disk of Tn−2 , denoted DR,n−1 along which we will take the Murasugi
sum. Orient the boundary of each disk to be counterclockwise. We discuss several cases for
the word Wn−1 .
Case 1: Suppose the word Wn−1 starts and ends with L. Starting at the top of DL,n−1
and proceeding counterclockwise, color the segment of ∂DL,n−1 starting from where the first
band is attached (corresponding to the first R of Wn−1 ) to where the last band is attached
in the first sub-string of R’s red. Continuing in the counterclockwise direction, color the
segment from the bottom of the previous band to the top of the next band (the next R in
Wn−1 ) blue. Continue in this way coloring the clusters of R’s red and the space in-between
blue. When you get to the last R of Wn−1 we color blue the segment from the bottom of the
corresponding band all the way around to the top of DL,n−1 . This gives a 2n-gon structure
to ∂DL,n−1 where n =

|Wn−1 |−1
.
2

See Figure 5.6(a).

We now define DR,n−1 and its coloring. We start at the top of the right disk of Tn−2 and
proceed counterclockwise. Color the segment starting after the first sequence of L’s until
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Figure 5.6: An example of towers Tn−2 and Tn−1 with homeomorphic copies of the disk Dn−1 .
As one moves from the top of Dn−1 to the bottom we obtain the word Wn−1 = LRRLR and
reduced word Wn−1 = LRLR.
the next sequence of L’s begins red. Starting from there until that sequence of L’s ends
blue. Continue in this way until you have colored the segment corresponding to the last
gap between sequences of L’s red. From the bottom of that segment, choose an arc to the
starting vertex of the first segment which is embedded in the right disk of Tn−2 and color
it blue. This simultaneously defines DR,n−1 and the coloring of its boundary. Notice again
that ∂DR,n−1 is a 2n-gon where n =

|Wn−1 |−1
.
2

We can now take the Murasugi sum of Tn−1 and Tn−2 along these disks to obtain the
fibered surface for the last three strands of β.
Case 2: Suppose the word Wn−1 starts with L and ends with R. We color DL,n−1 as
before. For DR,n−1 , we begin the same and proceed until we arrive at the last sequence of
L’s. Color the next sequence of L’s blue and then add a red segment after that. Finally,
choose an arc as in Case 1 and color it blue. In this case we obtain a 2n-gon structure on
the boundary of the middle disks where n =

|Wn−1 |
.
2

Case 3: Suppose the word Wn−1 starts and ends with R. Color DL,n−1 as before. For
DR,n−1 , we add a red segment before the first sequence of L’s and after the last sequence of
L’s and then a blue arc as in the previous cases. In this case we obtain a 2n-gon structure
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(b)

Figure 5.7: In (a) is an example of Case 3 with towers Tn−2 and Tn−1 with homeomorphic
copies of the disk Dn−1 . As one moves from the top of Dn−1 to the bottom we obtain the
word Wn−1 = RLRLR = Wn−1 . We glue Tn−2 and Tn−1 together along the 4-gons in blue
and red. In (b) is an example of Case 4 towers Tn−2 and Tn−1 with homeomorphic copies
of the disk Dn−1 . As one moves from the top of Dn−1 to the bottom we obtain the word
Wn−1 = RLRL = Wn−1 .
on the boundary of the middle disks where n =

|Wn−1 |
.
2

Case 4: Suppose the word Wn−1 starts with R and ends with L. Color DL,n−1 as before.
For DR,n−1 , we add a red segment before the first sequence of L’s. We proceed from there
as in Case 1. In this case we obtain a 2n-gon structure on the boundary of the middle disks
where n =

|Wn−1 |
.
2

Repeat this process until all towers have been attached. The resulting surface is S(β).
Corollary 5.3.2. Any closed, non-trivial, homogeneous braid can be realized as an iterated
Murasugi sum of either positive Hopf bands (H+ , ϕ+ ) or negative Hopf bands (H− , ϕ− ).
Proof. This follows from the proof of Theorem 5.3.1 where each tower Ti is chosen to be the
Murasugi sum of either all positive Hopf bands or all negative Hopf bands. The construction
of the 2n-gon structure on embedded disks DL,i and DR,i is unchanged and the conclusion
follows.
Definition 5.3.3. Let L be the closure of a homogeneous braid β. We call the surface S(β)
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Figure 5.8: (a)An annular neighborhood of a red curve γ intersected by a segment of some
other black curve/arc α. (b) The image of α after a Dehn twist about the curve γ.
constructed above the canonical Seifert surface for L.

5.3.2

Elementary curves and the monodromy action

The curves on the fibered surfaces that we will be analyzing are the core curves of the Hopf
band summands. This idea is motivated by work of Dehornoy [7] who proved that Lorenz
links, a very special class of positive braid closures, have small dilatation. We generalize
Dehornoy’s technique to a large class of homogeneous braids.
We will use the explicit description of how the monodromy changes under Murasugi
sums to obtain our bounds on translation distance. Now that we have analyzed how to
construct the canonical Seifert surface associated to a homogeneous braid, it will be easier
to visualize the action of the monodromy corresponding to the link complement by immersing
the surface in the plane as in Figure 5.9. To that end, we first examine the monodromy of
(H+ , ϕ+ )#(H+ , ϕ+ ).
Definition 5.3.4. Let F be an orientable surface and γ ⊂ F be an essential curve. Since
F is orientable, there is an embedded annular neighborhood A of γ. Consider R2 with polar
coordinates (r, θ). If we identify this annulus with the standard annulus 1 ≤ r ≤ 2 in R2 , we
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Figure 5.9: The positive Hopf band, (a), and the Murasugi sum of two positive Hopf bands
with core curves γ (blue) and γ 0 (red), (b).
can define a map Tγ : F → F where Tγ |F \A = id and Tγ |A is given by (r, θ) 7→ (r, θ − 2πr).
We call Tγ a Dehn twist about γ.
The monodromy for the Hopf band is given by performing a Dehn twist about the red
curve seen in Figure 5.9(a).
Lemma 5.3.5. The Murasugi sum (H+ , Tγ )#(H+ , Tγ 0 ) is the surface pictured on the right
in Figure 5.9 with monodromy Tγ ◦ Tγ 0 where γ is the blue curve and γ 0 is the red curve.
Proof. The lemma follows by applying the definition of Murasugi sums.
When performing the Murasugi sum, the complexity of the resulting surface will generally increase and it will become increasingly more difficult to keep track of and distinguish
between the curves we aim to study.
Definition 5.3.6. The core curves of the Hopf bands are called elementary curves.
Lemma 5.3.7. Consider a tower T formed by the Murasugi sum of k (positive or negative)
Hopf bands (H+ , Tγi ) for 1 ≤ i ≤ k as in Theorem 5.3.1. Then T is fibered and the monodromy is the composition of Dehn twists about the k elementary curves Tγ1 ◦ · · · ◦ Tγk . Note
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that the Dehn twists are performed from the top-most to the bottom-most just as in Lemma
5.3.5.
Proof. This follows from Lemma 5.3.5 using a simple induction argument on the number of
Hopf band summands.
Next we give an explicit description of the monodromy for the closure of a homogeneous
braid.
Lemma 5.3.8. Let L be the closure of a non-trivial homogeneous braid on n strands and
let (T1 , ϕ1 ), . . . , (Tn−1 , ϕn−1 ) be the corresponding towers constructed as in Lemma 5.3.7.
Then the monodromy of the fibration associated to the complement of L is given by ϕ =
ϕn−1 ◦ ϕn−2 ◦ · · · ◦ ϕ1 where each ϕi is a composition of Dehn twists about elementary curves
in the Hopf band summands of Ti from top-most to bottom-most.
Finally, we are ready to prove the translation distance bound for the monodromy of
homogeneous braid closures.
Theorem 5.3.9. Let β be a non-trivial homogenous braid on n ≥ 3 strands and let L be the
braid closure such that S 3 \ν(L) ∼
= (S(β) × [0, 1])/ϕ. Let βTi be the word in the generators
of Bn for the union of the towers Ti and Ti+1 . Suppose some βTi contains a subword of the
form β Ti = σi σi+1 σij σi+1 for j > 0. Then

dC (ϕ) ≤





2




3






2

, if j ≥ 3
, if n = 5 and j = 1, 2
, if n ≥ 6

Proof. Let γ be the elementary curve coming from the Hopf band summand corresponding
to the two positive half-twists σi+1 in the word β Ti ; see the red curve in Figure 5.11(a). We
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wish to determine the image of ϕ(γ), so we begin by applying Dehn twists to γ starting
from the top-left most elementary curve. Let Tα be the first Dehn twist about an elementary
curve to intersect γ. In particular, α is the blue curve in Figure 5.11(a) since the monodromy
is applied from top-left to bottom-right. The image of γ under Tα is the red curve of Figure
5.11(b).
Continue Dehn twisting about the elementary curves corresponding to the Hopf bands
formed from the subword σij of β T . The example of Figure 5.11 corresponds to j = 3. Note
that Dehn twists about elementary curves in the left tower other than those corresponding
to σij do not affect the current image of γ since they will all be disjoint from it; see Figure
5.11(d).
The first elementary curve in the right tower to intersect the current image of γ is γ
itself; see Figure 5.11(e). Dehn twisting about γ yields the curve ξ which encircles the Hopf
bands corresponding to the previously performed Dehn twists in the left tower; see Figure
5.11(f). Note that every elementary curve about which Dehn twists are performed following
the Dehn twist about γ will be disjoint from the current image of γ and thus ϕ(γ) is the red
curve in Figure 5.11(f).
Suppose j ≥ 3. The elementary curve α corresponding to the first two positive half-twists
of the σij subword of β T is disjoint from γ and ϕ(γ); see Figure 5.10. Therefore

dC (γ, ϕ(γ)) ≤ dC (γ, α) + dC (α, ϕ(γ)) = 2.

Suppose n = 5. In this case, since n = 5 there are four towers. If the union of towers
Ti , Ti+1 containing γ and ϕ(γ) is the union of the first two or the last two towers, then since
β is non-trivial there is an elementary curve η on the last or first tower respectively which
is mutually disjoint from γ and ϕ(γ). In this case dC (γ, ϕ(γ)) ≤ 2. However if n = 5 and
the union of the towers Ti , Ti+1 corresponds to the middle three braid strands, then we can

CHAPTER 5. FAMILIES OF LOW TRANSLATION DISTANCE LINKS

63

Figure 5.10: The green curve α is disjoint from the red curve γ and the blue curve ϕ(γ).
choose a curve α on the first tower disjoint from γ and a curve β on the last tower disjoint
from ϕ(γ). Therefore

dC (γ, ϕ(γ)) ≤ dC (γ, α) + dC (α, β) + dC (β, ϕ(γ)) = 3.

In the case n ≥ 6, we can always find a curve mutually disjoint from γ and ϕ(γ) using
the method from the n = 5 case proving the theorem.
Remark 5.3.10. This family of links has low translation distance in the curve complex
whereas Schleimer’s conjecture is about the arc complex. Since the proof follows by a careful
choice of curve on which to study the monodromy action, we expect to extend this technique
to the translation distance in the arc complex in future work.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.11: The red curve in (a) is γ and the blue curve is α. The red curve in each
consecutive picture is obtained by Dehn twisting about the blue curve in the previous picture,
i.e. the red curve in (b) is Tα (γ). In (d) we see that the blue elementary curve does not
intersect the red curve.
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